Abstract. We analyse the non-linear gravitational dynamics of a pressure-less fluid in the Newtonian limit of General Relativity in both the Eulerian and Lagrangian pictures. Starting from the Newtonian metric in the Poisson gauge, we transform to the synchronous and comoving gauge and obtain the Lagrangian metric within the Newtonian approximation. Our approach is fully non-perturbative, which implies that if our quantities are expanded according to the rules of standard perturbation theory, all terms are exactly recovered at any order in perturbation theory, only provided they are Newtonian. We explicitly show this result up to second order and in both gauges. Our transformation clarifies the meaning of the change of spatial and time coordinates from the Eulerian to the Lagrangian frame in the Newtonian approximation.
Introduction
It is believed that the distribution of matter in the early Universe was very smooth, the best indication being the tiny fluctuations in the Cosmic Microwave Background. However, the distribution of matter in the Universe at present time is inhomogeneous on scales below about 100 h −1 Mpc (h being the Hubble constant in units of 100 km s −1 Mpc −1 ) and the gravitational dynamics is non-linear below about 10 h −1 Mpc. The theoretical study of structure formation connects the early Universe with that observed today. The gravitational instability is governed by the equations provided by General Relativity (GR) but, for most purposes, we can use the Newtonian approximation, namely the weak-field and slow-motion limit of GR. These conditions are verified at small scales, well inside the Hubble radius, where the peculiar gravitational potential ϕ g , divided by the square of the speed of light to obtain a dimensionless quantity, remains much less than unity, while the peculiar velocity never become relativistic. The peculiar gravitational potential is related to the matter-density fluctuation δ via the cosmological Poisson equation
where ρ b is the Freidmann-Robertson-Walker (FRW) background matter density, δ = (ρ − ρ b ) /ρ b is the density contrast and a(t) is the scale-factor, which obeys the Friedmann equation. This implies that for a fluctuation of proper scale λ,
where r H = cH −1 is the Hubble radius. This very fact tells us that the weak-field approximation does not necessarily imply small density fluctuations, rather it depends on the ratio of the perturbation scale λ to the Hubble radius. That is why Newtonian gravity is widely used(PN) approximation of GR, which provides the first relativistic corrections in regimes where the gravitational field and the fluctuations around homogeneity are not assumed to be weak. It is a crucial improvement of both the aforementioned approximations, as it could bridge the gap between relativistic perturbation theory and Newtonian structure formation, providing a unified approximation scheme able to describe the evolution of cosmic inhomogeneities from the largest observable scales to small ones, including also the intermediate range, where the relativistic effects cannot be ignored and non-linearity starts to be relevant. Nonetheless, few attempts have been made so far to go beyond the Newtonian approximation on non-linear scales. A relevant difficulty of this scheme is that in the PN framework the background is not merely the FRW metric but a Newtonian metric yet describing non-linearities. This very fact and has so far prevented from proceeding in this direction because of its computational complexity, except for symmetric situations. In ref. [22] the PN solution of the Einstein field equations describing the non-linear cosmological dynamics of plane-parallel perturbations in the synchronous and comoving gauge was obtained. It extends the Zel'dovich approximation, which, in turn, is exact for non-linear plane-parallel dynamics in Newtonian gravity. The PN approximation has by construction a direct correspondence with Newtonian quantities: the PN expressions are sourced only by the non-linear Newtonian terms which can be extracted e.g. from N-body simulations (or by approximate analytical expressions obtained via the Zel'dovich approximation). For a recent attempt to include PN-type corrections in N-body simulations see ref. [23] .
In this paper we consider the non-linear dynamics of cosmological perturbations of an irrotational collisionless fluid, the FRW background being the Einstein-de Sitter model. We discuss the connection between GR and Newtonian gravity in the Eulerian and in the Lagrangian picture. Then we provide the transformation rule between the Eulerian and the Lagrangian frames: it is fully four-dimensional and non-perturbative and clarifies the role of the transformation of the time and spatial coordinates. Our approach here is different from the standard perturbative gauge transformation in GR, see refs. [24] , [25] and [26] , and from the spatial coordinate transformation of Newtonian theory.
Most derivations of the Newtonian limit of GR are coordinate-dependent, thus a precise understanding of the Newtonian correspondence between the Eulerian and the Lagrangian frame has to be considered as the starting point e.g. for studying the gauge dependence when we want to add GR corrections in a perturbed space-time from a non-perturbative perspective. In a forthcoming paper we will extend this analysis to the PN approximation. This paper is organised as follows: in the next two sections we review the study of the non-linear dynamics in the Newtonian limit of GR in the Eulerian and Lagrangian pictures, respectively. In section 4 we present the coordinate transformation and in section 5 the secondorder expansion of our quantities in perturbation theory. We first review the Newtonian results in the Eulerian picture. Then we show that our calculation fully recovers the solution for the Lagrangian metric in the Newtonian limit. Conclusions are drawn in the last section.
Indices notation: we use A, B, ... for spatial Eulerian indices, α, β, ... for spatial Lagrangian and a, b, ... to indicate space-time indices in any gauge. The superscript or subscript E and L stands for Eulerian and Lagrangian, respectively, when needed for clarity.
The Newtonian approximation in the Eulerian picture
In the Eulerian picture the matter dynamics is described with respect to a system of coordinates not comoving with the the matter. In a uniformly expanding Universe, all physical separations scale in proportion with a cosmic scale factor a(t). Even though the expansion is not perfectly uniform, it is perfectly reasonable to factor out the Hubble expansion and we do this by using FRW comoving spatial coordinates and conformal time defined as
where r is proper spatial coordinates, t is the cosmic time and a(t) the scale-factor. With this choice all physical quantities appearing in the equations are measured by observers comoving with the FRW background expansion. The coordinate velocity is
where H = ∂ t a/a is the Hubble parameter. It is the physical velocity of the matter minus the Hubble expansion, i.e. the peculiar velocity. The Newtonian equations in the Eulerian picture read
where H = ∂ η a/a. For the irrotational dust considered here we have also the condition
where ABC is the totally antisymmetric Levi-Civita tensor relative to the Euclidean spatial metric, such that ABC = 1, etc... The fundamental variables in the Eulerian picture are the velocity and density field, evaluated at the Eulerian coordinates x A . The same equations can be obtained in the GR framework: the continuity and Euler equations are the lowst-order equations in the 1/c 2n expansion of ∇ a T a0 and ∇ a T aK respectively. The time-time component of the Einstein equations
reduces to the Poisson equation and implies that the perturbation in the time-time component of the metric tensor coincides with the Newtonian gravitational potential. The line-element in the Newtonian approximation of GR in the Eulerian picture then reads 
The PN terms here are given by the lowest-order of the 1/c 2n expansion of all the Einstein equations. In this gauge the transverse and traceless tensor modes, generated by the nonlinear growth of scalar perturbations, appear at PPN level (O 1/c 4 ) only. For a PN calculation in the Eulerian picture see refs. [28] and [29] . We postpone a more detail discussion about the PN approximation in this gauge to our subsequent paper, ref. [30] .
Newtonian approximation in the Lagrangian picture
In the Lagrangian picture the dynamics is described with respect to a synchronous and comoving system of coordinates attached to the matter: at some arbitrarily chosen initial time we label the fluid elements by spatial coordinates q α ; at all later times, the same element is labelled by the same coordinate value. The time coordinate is the proper time τ along the fluid trajectories. This frame is related to the set of observers comoving with the fluid elements: their proper time along the trajectories and their fixed initial labels are taken to define the coordinate values.
The spatial Lagrangian position vector of the fluid elements is given by the curve q α = const., implying that the velocity of matter vanishes in Lagrangian coordinates. On the other hand, the Eulerian, time-dependent position vector could be expressed in terms of Lagrangian spatial coordinates as
and the peculiar velocity is
Similarly to the Eulerian trajectory, also the peculiar velocity of the matter dx/dτ , can be expressed in terms of the initial labels of the fluid element q α through the mapping in eq. (3.1). Note that the relation above refers to an inhomogeneous universe and is fully nonperturbative. For a perfectly uniform expansion, the comoving position vector x is fixed in time and coincides with its initial, i.e. Lagrangian, coordinate value q. On the contrary, in a perturbed universe it changes with time as irregularities grow, in the way described by the relation above. Therefore, all the information about the evolution of the perturbations is contained in the mapping relation (3.1): one can equivalently write the equations of motion of the fluid in terms of either the displacement vector S, as in ref. [31] , or in terms of the Jacobian matrix of the map
as in ref. [32] , where S A α = ∂S A /∂q α is called the deformation tensor.
In GR, for a pressureless fluid, the time coordinate τ can be defined in such a way that it satisfies the following two conditions: any hypersurface τ = const. is orthogonal to the world-line of the fluid elements in any point and the variation of τ along each world-line coincide with the proper time variation along it. In the synchronous and comoving gauge, comoving hypersufaces are orthogonal to the matter flow (γ L 0β = 0) and coincide with the synchronous ones, (γ L 00 = −1), orthogonal to geodesics. The line element then reads
Let us start by defining the peculiar velocity-gradient tensor ϑ α β , given by
where the semicolon indicates the covariant derivative and the last equality holds in this gauge only.
The Einstein equations in this gauge can be written as the energy constraint
and the evolution equation
Here (3) R α β is the conformal Ricci tensor of the three-dimensional space, D α is the covariant derivative corresponding to the metric γ L αβ and primes denote differentiation with respect to the coordinate time τ . After replacing the density from the energy constraint, the evolution equation can be rewritten as
The trace part of the evolution equation combined with the energy constraint to eliminate (3) R gives the Raychaudhuri equation, which describes the evolution of the peculiar volume expansion scalar and reads
where σ α β ≡ ϑ α β − 1 3 δ α β ϑ is the shear tensor, i.e. the trace-free part of the velocity-gradient tensor.
Finally, mass conservation implies
which in this gauge can be solved exactly, by virtue of eq. (3.5). The solution is
where γ is the determinant of the metric γ L αβ . The main advantage of this formalism, adopted in ref. [32] , is that there is only one dimensionless variable in the equations, namely the spatial metric tensor γ L αβ , and therefore there can be no extra powers of c hidden in the definition of different quantities.
The Newtonian approximation is obtained in the c → ∞ limit: the energy constraint and the evolution equation require that the spatial Ricci tensor is zero, see refs. [32, 33] and ref. [34] for a derivation in the tetrad formalism. This in turns implies that γ L αβ can be transformed to the Euclidean metric δ AB globally. In other words, at each time τ there exist global Eulerian observers comoving with the Hubble flow for which the components of the metric are δ AB . This means that, according to the tensor transformation law, we can write the spatial metric as γ 13) where J A α is the Newtonian Jacobian matrix given by eq. (3.3). We can also find the transformation of the Christoffel symbols from the usual rule
Since Γ A BC = 0 in Eulerian coordinates, we find the Christoffel symbols in Lagrangian coordinates
We can therefore reformulate the Newtonian limit in this gauge, referring to the metric which results from the c → ∞ limit of the Einstein equations: eq. (3.6) and eq. (3.9) tell us that we can write the spatial metric in the form of eq. (3.13). The Ricci tensor calculated from (3.13) is zero but the Christoffel symbols involved in spatial covariant derivatives do not vanish. On the other hand, the vanishing of the spatial curvature implies that these covariant derivatives always commute. The resulting geometry in Lagrangian coordinates reproduces the properties of the Eulerian velocity and density fields, which come from the mapping (3.1): all it is needed is the Jacobian matrix, eq. (3.3), which is actually found by solving the remaining equations, the Raychaudhuri equation and the momentum constraint. They contain no explicit power of c, preserving their form in the Newtonian limit, and no curvature terms, which would involve higher (PN) terms of the metric. Now, we finally obtain the Newtonian expression of eq. (3.7) and eq. (3.10), where by Newtonian expression here we mean the expression that comes from (3.13). Then, we rewrite the peculiar velocity-gradient tensor as
The Raychaudhuri equation is therefore given by J where D α is the covariant derivative related to the Newtonian metric, eq. (3.13).
On the other hand, eq. (3.16) together with ϑ
which is identical to the standard Newtonian form of the irrotational condition in Lagrangian space
This equation, together with the relation ∂ β J A α = ∂ α J A β , which follows from the symmetry of the Newtonian Christoffel symbols, reduce the momentum constraint to an identity.
From the Newtonian limit of Einstein's equations in the synchronous and comoving gauge we then find eq.(3.17) and eq. (3.19) . These are identical to the well-known Lagrangian equations of Newtonian gravity, see e.g. ref. [31] , [35] , and [18] . A final remark about the energy constraint and the evolution equation: it would be wrong to take a Newtonian version of eq. (3.6), and eq. (3.8) or eq. (3.9), by setting the l.h.s to zero. They simply imply that the Newtonian spatial curvature vanishes. On the contrary, they must be thought perturbatively: as a consequence of our gauge choice no odd powers of c appear in the equations, so the expansion parameter is 1/c 2n . The spatial metric is then expanded up to PN order in the form
Therefore the Newtonian l.h.s of eq. (3.8), or of eq. (3.6) and eq. (3.9), determine the spatial PN Ricci tensor, as shown in ref. [32] .
The transformation from the Eulerian to the Lagrangian frame
In this section we provide the coordinate transformation for passing from the Newtonian limit in the Poisson gauge to the Newtonian limit in the synchronous and comoving gauge.
The transformation of the spatial coordinates
The Poisson gauge is defined in ref. [36] starting from the perturbed Einstein-de Sitter line element, the background spatial metric being δ ij . In comoving spatial Cartesian coordinates and conformal time the line element can be written in any gauge as
where the tensor perturbation is trace-less and we have written explicitly the c factor in the time coordinate. The four gauge modes are eliminating by setting
which fixes the Poisson gauge, including all the six physical degrees of freedom present in the metric. In particular, the Poisson gauge has no residual gauge ambiguity, since it can be shown that a coordinate transformation from an arbitrary gauge completely fixes this gauge.
It is important to stress that in our approach all the degrees of freedom in the metric should be understood as a priori containing perturbations at any order in standard perturbation theory. The scalar potentials ψ, φ and the tensor h ij contain even powers of the speed of light, starting from 1/c 2 and 1/c 4 , respectively. The vector w i contains odd powers of the speed of light, starting from 1/c 3 . We are free to change the time coordinate from cη to η, since it just represents a change in the units of time, obtaining
The Newtonian limit in this gauge is obtained by retaining in the metric the only potential required in the Newtonian equations of motion, i.e. ψ = ϕ g , as already explained in section 2.
The Newtonian line-element in then
For our purposes, it is useful to reinterpret this line element in the language of the 3 + 1 splitting of space-time, see refs. [37] and [38] , where the chosen coordinate system, i.e. the gauge, is related to the observers. In this formalism, the space-time is split in a family of three-dimensional hypersurfaces, the "space", plus the "the time direction", in strict analogy with the Newtonian treatment. On every three-dimensional hypersurface, the chosen time coordinate is constant, thus every hypersuface corresponds to the rest frame of the chosen observers. This perspective will of help here, since we are dealing with the Eulerian and Lagrangian frames. Eulerian observers are represented by a set of curves with unit four-velocity n a always orthogonal to the constant-time slices. Orthogonality implies that Eulerian observers are at rest on each slice and that there exists a scalar function N , called the lapse function, such that
It represent the rate of change of the proper time along n a with respect to the time η. Given arbitrary three-dimensional coordinates on the initial slice, {q α }, one can construct a nonnormal congruence threading the slices with tangent vectors t a . Each curve is permanently labelled by the coordinate values it acquires on the initial slice. The vector basis related to the {q α } is dragged along these curves, and not along the curves of Eulerian observers. The relation between the two four-velocities is given by 6) where N a is the projection of the velocity shift between the two frames on the slices. We can fix the shift vector such that t a coincides with the matter four-velocity u a , namely we can choose the well-known comoving condition: in this case, a given element of the fluid has fixed spatial coordinates and the {q α } are called Lagrangian. Of course, the time η does not coincide with the proper (conformal) time defined in the rest frame of the fluid. The shift vector projected on the slices, i.e. on the rest frame of Eulerian observers, measures in η-time the spatial velocity of the matter with respect to the Eulerian observers. The line-element is that of the ADM formalism
Instead of the basis related to the coordinates {q α }, we can alternatively choose an orthonormal basis on the spatial slices, whereas the time coordinate η remains unchanged. The spatial coordinates are related in the usual way : dx A = J A α dq α . The orthonormal basis is also dragged along the world-line of the corresponding fluid-element: the parallel transport condition of the tetrad J A α along u a reads
where the semicolon indicates the four-dimensional covariant derivative. Of course, the orthonormal basis dragged along u a is not at rest with respect to the Eulerian observers: its relative velocity coincides with the peculiar velocity of the matter. Using the orthonormal basis the line-element is
In the Newtonian limit, the shift vector is the Newtonian peculiar velocity of the matter measured by Eulerian observers comoving with the Hubble flow, N A = v A , and the lapse function is found to be N = 1 − 2ϕ E g from the time-time component of Einstein equations. The Newtonian line-element is then
where the matrix J A α is the Jacobian matrix of the map
The coordinates x A on the slices representing the rest frame of Eulerian observers are the usual Eulerian coordinates of Newtonian gravity. This is our starting point for the transformation to the synchronous and comoving gauge. We transform from the Eulerian spatial coordinates x A to the Lagrangian ones q α in the line-element (4.10), obtaining
Note that at this step we have not changed the time coordinate, according to a purely Newtonian treatment where the time is absolute. The slices η = const. still set the rest frame of the Eulerian observers, not yet the rest frame of the matter. On the η = const. slices, we have performed a spatial transformation from the spatial orthonormal basis to the Lagrangian one, the two bases moving with relative velocity v A with respect to each other. This transformation can be alternatively viewed as a boost with spatially varying relative velocity v A between the Lagrangian and the Eulerian frame, supplemented by a spatial coordinate transformation from the orthonormal coordinate basis related to the x A to that related to the q α . In matrix form, our resulting transformation reads
Now, we need a second step to arrive at the synchronous and comoving gauge: we have to change from the Eulerian observers rest frame to the fluid rest frame.
The transformation of the time coordinate
We write the time transformation required to obtain the correct quantities in the Lagrangian frame as
and its inverse
where we want the function ξ 0 E in terms of the q a . Note that the functions ξ 0 E and ξ 0 L are functions of the Eulerian and Lagrangian coordinates, respectively; the (conformal) time dependence at the required order is the same, η = τ , and the spatial coordinates on the slices change as dx A = J A α dq α . We have
thus ξ 0 transforms simply as a scalar under the change in spatial coordinates, i.e.
Now, we go back to the line-element of eq. (4.12). In order to get
we substitute 20) which, at 1/c 2 order reduces to
Comparing with eq. (4.12)
we finally get the equations for ξ 0
Integrating eq. (4.23) gives 25) where C(q α ) is an integration constant which we will fix using (4.24): we re-write this equation
We obtain the same expression for ξ 0 also following the procedure outlined in ref. [40] , which exploits directly the fact that the time coordinate of the synchronous and comoving gauge is the proper time along the world-line of the fluid: in ref. [40] the calculation was performed at second order in standard perturbation theory, whereas ours is not restricted to any perturbative order. We will show in the next section that our solution for ξ 0 , when expanded at second order, coincides with that of ref. [40] .
Four-dimensional gauge transformation of the metric
The transformation between the Eulerian and Lagrangian frame is Their product gives the transformation of the space-time coordinates. The result is the four dimensional coordinate transformation:
We now calculate how the metric tensor transforms under the transformation x a → q a : from the standard rule we have
We also need the Newtonian Eulerian metric g E
Applying the synchronous and comoving gauge conditions to the time-time and space-time components on the l.h.s., i.e. g L 00 = −1 and g L 0α = 0, and expanding up to 1/c 2 we find the same equations for ξ 0 L that we found in section 4.2: the equation for g L 00 is
with solution
where C(q α ) has to be fixed from the equation for g L
For the spatial components we get
The second equation for ξ 0 obtained from our transformation, eq. (4.24), is very important: it shows that ξ 0 L can be thought as the velocity potential in Lagrangian space 3 . From the irrotationality condition in Eulerian space we know that v A = ∂ A Φ v and the peculiar velocitygradient tensor is ϑ A B = ∂ A ∂ B Φ v . By changing the spatial derivative in Lagrangian coordinates according to ∂ A = J σ A ∂ σ and using eq. (4.24), it is easy to show that the peculiar velocitygradient tensor in Eulerian space transforms to
in Lagrangian space. The Lagrangian velocity-gradient tensor appears as the spatial covariant derivative of a scalar, but when expanded at second order in perturbation theory it acquires a true tensorial part, owing the expression of the Christoffel symbol in Lagrangian space.
5 Consistency with perturbation theory up to second order
Second-order Newtonian solutions in the Eulerian picture
In this subsection we report the results for the dynamics of irrotational dust in the Eulerian picture. For the complete calculation, we refer to e.g. ref. [41] . The second-order expressions for the peculiar gravitational potential, the peculiar velocity and the density contrast are
where φ is the peculiar gravitational potential evaluated at the initial time η in and the potential Ψ E is given by
These expressions coincide with the time-time perturbation of the metric, the matter peculiar velocity and the density contrast in the Poisson gauge, at second order in GR perturbation theory, retaining the Newtonian terms only, see ref. [7] .
Newtonian transformed metric up to second order in the synchronous and comoving gauge
The aim of this section is to calculate the spatial metric g L αβ and the function of the time transformation ξ 0 L , starting from the Eulerian field at second order in perturbation theory given by eqs. (5.1), (5.2) , and (5.3) in the last section.
For the second-order expansion we have to be careful: every term is a function F E (x a (q b )) which has to be expanded itself together with its argument. In order for all the expressions to be Newtonian, all terms are functions of the coordinates x A = q A + S A , with absolute time η = τ . Therefore, we have this two-step Taylor expansion: the second-order expansion of an Eulerian function is given by
where we have to expand the argument with respect to the Newtonian perturbative transformation for the x a :
By collecting all terms of the same order, we find the second-order expansion of the Lagrangian function. The result is
The FRW background, in particularly the Einstein-de Sitter background considered here, keeps its form in any of the two gauges considered
where η is the conformal time. The lapse function is simply the scale factor and the shift vector vanishes, so that the Eulerian and Lagrangian spatial coordinates coincide. In standard perturbation theory, the background spatial transformation is simply dx A = δ A α dq α . So, in the following we can set the Latin indices equal to the Greek ones in the spatial derivatives of second-order quantities, whereas the spatial derivatives and the arguments of first-order quantities change with the Jacobian matrix of the first-order transformation.
We then follow an iterative procedure, starting from the Eulerian first-order peculiar velocity: the time integration gives the first-order spatial transformation
with Jacobian J α β = δ α β − τ 2 /6 ∂ α ∂ β φ and inverse J α β = δ α β + τ 2 /6 ∂ α ∂ β φ, where A = α at first order. Then we use the Eulerian velocity at second order to find the second-order spatial transformation: after changing coordinates in the first-order term and integrating over time we find
We can now find the solution for ξ 0 L , eq. (4.34):
In the integral, we have to transform the scalar ϕ E g with the Taylor expansion of the form of equation (5.7). The result is
where now the potential Ψ L is given by
The integration gives the solution ξ 0 L up to second order
We use the second-order Eulerian velocity and remaining equation obtained from our transformation, eq. (4.35), to fix the constant C(q α ). It turns out to vanish at second-order, thus it is at least a third-order quantity. Our final expressions
coincide with the second-order gauge transformation from the Poisson gauge to the synchronous and comoving gauge obtained from a fully relativistic calculation, see ref. [24] , retaining the Newtonian terms only. In particular, the time transformation also coincides with the result in ref. [40] , where a different procedure was adopted. Finally, our result for the Newtonian Lagrangian metric up to second order from eq. 
This is exactly the same expression obtained from the second-order solution of the Einstein equations in the synchronous and comoving gauge, considering only the Newtonian terms in the metric, see ref. [24] . It is important to note that this expression includes the contribution of second-order Newtonian tensor modes generated by scalar initial perturbations. It is well known that tensor modes appear already at the Newtonian and PN level in the metric in this gauge, whereas they are only PPN in the Poisson gauge.
Conclusions
In this paper we examined the Newtonian approximation to the non-linear gravitational dynamics of cosmological perturbations. Our starting point was the Newtonian line-element in the Poisson gauge, given by
We then transformed this metric to the Lagrangian frame and obtained the Newtonian lineelement in the synchronous and comoving gauge as in ref. [32] , which is given by
As we said, our starting point was the metric of eq. (6.1) in the Poisson gauge, which we dubbed Newtonian, as the metric variables appearing there are just those needed for the Newtonian equations of motion. With our transformation we arrived at a Newtonian metric in the synchronous and comoving gauge, where, once again, we have just the variables needed for the Newtonian Lagrangian equations of motion, namely the spatial Jacobian matrix. However, the Newtonian three-dimensional space has vanishing spatial curvature, therefore, the Newtonian Lagrangian metric, eq. (6.2), can be transformed globally to the Einstein-de Sitter background metric, the transformation being just the spatial transformation to Eulerian coordinates dx A = J a α dq α , without changing the time coordinate. As we will see below, this inconsistency can be easily overcome by requiring that the Ricci four-dimensional curvature scalar is preserved by the transformation, as it should.
As we have shown, the Lagrangian frame can be transformed to the locally flat inertial frame by means of the transformation to coordinates τ + 1/c 2 ξ 0 , x A :
is expanded in 1/c 2n , at lowest order this line-element reproduces the Newtonian one in the Eulerian frame, eq. (6.1).
On the other hand, the spatial scalar curvature (3) R vanishes at lowest order in both frames. The conformal four-dimensional scalar curvature 4 , (4) R ≡ R of the metric (6.1) is given by
On the other hand, the conformal four-dimensional curvature in the synchronous and comoving gauge is given by
and, at lowest order in our 1/c 2n expansion, the PN spatial curvature contributes to the four-dimensional
In other words, at lowest order in our 1/c 2n expansion, in the Eulerian frame, only the perturbation of the time-time component of the metric contributes to the scalar curvature R, whereas in the Lagrangian frame we need also the spatial PN term coming from the spatial PN metric. This means that, in order to obtain the same expression for the scalar curvature R, at lowest order after the change of frame, we need to start from the weak-field metric in the Poisson gauge
where only the scalar PN mode is considered in the metric, since vector and tensor modes give higher-order contributions to R, once transformed to the Lagrangian frame. The transformation to the Lagrangian frame finally leads to
where, see ref. [32] ,
In the latter expression, the potential Υ L is given by Following this procedure, starting from the scalar curvature R = −2∂ A ∂ A ϕ E g in the Eulerian frame we arrive at R = −2D α D α ϕ L g in the Lagrangian frame. Let us now compare our approach with that of ref. [42] and ref. [39] . Both papers deal with relativistic dynamics and consider the parallel transport condition, eq. (4.8), which in the Lagrangian approach of the synchronous and comoving gauge becomes In this paper instead we have reconstructed the Lagrangian dynamics from the Eulerian fields in the Newtonian limit, thus our procedure actually goes in the opposite direction. To conclude, let us emphasise once again that our transformation is different from the standard perturbation theory one. In standard perturbation theory, the background spatial transformation is simply dx A = δ A α dq α ; in a relativistic calculation, the same background transformation from the Eulerian to Lagrangian frame is simply the standard Lorentz transformation, with boost velocity equal to the first-order peculiar velocity, see ref. [45] . Instead, in the Newtonian limit, we have performed a non-trivial spatial transformation from the Eulerian to the Lagrangian frame -the two frames moving with relative velocity v A -and we have subsequently changed the parametrisation of the hyper-surfaces from the rest frame of Eulerian observers to the rest frame of the matter. This transformation is fully non-perturbative and will provide the background transformation for the same procedure in the PN approach.
A different approach to the Newtonian limit, see ref. [23] , is to consider the lower order in the 1/c n expansion of all the Einstein equations, thus including in the Newtonian metric the scalar O(1/c 2 ) in the spatial part and the vector O(1/c 3 ) in the time-space component in the Poisson gauge. The difference between these two approaches is just semantic: in the Poisson gauge, what we call PN in our viewpoint is the same as what is called Newtonian in ref. [23] . The present transformation has to be considered the background transformation for the PN expansion. Nevertheless, it clarifies the meaning of the change of space and time coordinates from the Eulerian to the Lagrangian frame.
